and the strategy is to show that this complex contains a subcomplex which behaves like a totally geodesic codimension one submanifold in hyperbolic space. This is accomplished in two steps.
The Coxeter complex is equipped with certain codimension one subcomplexes called walls. The rst step is to show that one can nd some wall so that its stabiliser, H, is a separable subgroup of in nite index in W. Then, motivated by standard techniques coming from 3-manifolds, (for example see 9]) we show that one can pass to a subgroup of nite index in W, so that the quotient of the Coxeter complex by this subgroup contains an embedded nonseparating codimension one subcomplex, namely the image of the chosen wall. This gives a map onto the integers.
Although not used in the proof, it seems to be of some interest that we may also show: Theorem 1.4 Let K be any special subgroup of the Coxeter group W. Then K is separable in W.
Finally we remark that it would seem likely (as in the case of re ection groups acting on hyperbolic 3-space) that an in nite Coxeter group that is not virtually abelian has a nite index subgroup that maps onto a free group of rank at least two. We leave this as a question for the present.
We have been informed by Mike Davis that Theorem 1.1 has been proved independently and by di erent methods by Constantin Gonciulea and will appear in his Ohio State University Ph. D.Thesis, see also 6].
Coxeter Groups and the Coxeter Complex
We recall some salient points about Coxeter groups and the associated Coxeter Complex that we shall require, see 2] for details.
2.1
De nition 2.1 Suppose that W is a group and S is a set of generators all of order 2. Then (W; S) is a Coxeter system if W admits a presentation: < S j (s t) m(s;t) = 1 > where m(s; t) is the order of s t and there is one relation for each pair s; t with m(s; t) < 1.
We often abuse this notation and refer to W as a Coxeter group. Many equivalent de nitions exist, see 2]. The Coxeter diagram of this presentation consists of a vertex for each element of S together with an edge connecting distinct vertices s; t whenever m(s; t) 6 = 2 and the edge is labelled by m(s; t):
Since the generators have order 2; this means that if two vertices are not connected by an edge then the generators corresponding to the vertices commute. Thus, if the diagram is not connected, the Coxeter group is the direct sum of the subgroups given by the connected components. A Coxeter group (W; S) is called reducible if its diagram is not connected.
2.2
Next we recall the construction of the Coxeter complex of the Coxeter system (W; S). Firstly, by a special subgroup of W we mean a subgroup < S 0 > of W where S 0 S. There is a simplicial complex = (W; S) speci ed as follows (see 2], p 33). If n = jSj and k < n; the k-simplices of are the left-cosets of special subgroups generated by n ? 1 ? k distinct elements of S: Thus if S 0 is a subset containing n ? 1 ? k elements of S and w is any element of W then w < S 0 > is a k-simplex.
The incidence relation between simplices corresponds to the containment relation between cosets.
In particular, the (n ? 1)-simplices correspond to the elements of W and the dual 1-skeleton of is a modi ed Cayley graph of W with generating set S: The In the remainder of this section we x attention on the case where all 2-generator special subgroups are nite dihedral as this will be important in what follows. That this su ces for our application will be proven in Lemma 3.6.
Note in particular that this restriction implies that every codimension-2 simplex of the Coxeter complex is the face of only nitely many codimension-1 simplices.
Consider the dual 2-complex X of : This has a vertex for each chamber and two vertices are connected by an edge if the corresponding chambers are adjacent along a codimension-1 face.
Chambers have a nite number, jSj; of codimension one faces, so this gives a 1-complex with each vertex of degree jSj: Each edge in this complex corresponds to a coset of a special subgroup < s > for some re ection s 2 S. There is a 2-cell for each codimension-2 simplex in ; these correspond to cosets of special subgroups of the form < r; s > which in the case at hand case are nite dihedral groups, so that each such 2-cell has a nite number of sides given by the cardinality of this dihedral group. The complex X is closely related to another complexỸ which we now describe. The presentation of the Coxeter system (W; S) gives rise, in the usual way, to a 2-dimensional CW-complex with fundamental group W: Thus Y has one vertex, and an edge for each element of the generating set S:
It has one 2-cell for each of the relations in the Coxeter presentation. Thus there are 2-cells for the relation of the form s 2 = 1 and for relations of the form (s t) m(s;t) = 1 when m(s; t) < 1: Then W acts freely on the universal cover,Ỹ of Y: Now X is obtained as a quotient ofỸ by collapsing to a 1-cell each 2-cell covering a relation of the form s 2 = 1: To be more speci c, each edge, E; of Y has a 2-cell, A; attached by a degree-2 map. This is covered inỸ by a 2-sphere, B; and the covering transformation corresponding to E acts as the antipodal map on B: Now B consists of two lifts of E and two lifts of A: Retract B to one of the lifts of E: Doing this for every edge ofỸ gives X: In particular, since Y is nite, it follows thatỸ and X are both locally nite. SinceỸ is simply connected, and X is a retract ofỸ ; it also follows that X is simply connected.
There is an obvious action of W on the complex X: The quotient is a complex of groups in the sense of Hae iger (see 7]) and the underlying group of this complex of groups is orb 1 (X=W) = W.
In fact, using that W is a linear group, we will pass to a torsion-free subgroup of nite index in W and this subgroup acts freely on X: This means we may deal with topological fundamental group in place of orb 1 :
There is an obvious embedding X ! which is W-equivariant and so that the action of W on restricts to the above action of W on X.
3 Proofs.
We recall that a subgroup H of a group G is said to be separable in G, if given any element g 2 G not lying in H, there is a subgroup K of nite index in G with the property that H K and g does not lie in K. A group for which the trivial subgroup is separable is said to be residually nite.
If a group has separable subgroups this often proves to be a powerful tool in questions concerning the homology of subgroups of nite index, see 9] and 10] for details.
3.1
Proving subgroups are separable seems to be rather di cult in general. The starting point of this work is the following result of 10]. For the convenience of the reader we include a proof:
Theorem 3.1 ( 10] Recall that a subgroup K W is a special subgroup if it is generated by some subset of S. The following is not used in the proof of the main theorem, but is of some interest: Theorem 3.4 Let K be any special subgroup of the Coxeter group W. Then K is separable in W.
Proof. By reordering the elements of S = fs 1 ; :::::; s n g, we may suppose that K is generated by fs k+1 ; ::::; s n g. We form the amalgamated free product group G = W K W and use the notation W L ; W R for the two subgroups of G which are the copies of W:
Our rst claim is that G is a Coxeter group. To this end, we note that by standard properties of free products with amalgamations, G has a presentation with generators Using this, and properties of the normal form for words in an amalgamated free product, we see that given two elements s; t in S G then the order of s t is precisely m G (s; t):
Since G is a Coxeter group, as remarked above, it is residually nite. Moreover there is an automorphism : G ! G of order two, which comes by using the obvious map to exchange W L and W R . Again, using properties of the normal form, we see that the xed subgroup of is precisely the amalgamating subgroup, a group which is isomorphic to K: Then Theorem 3.1 shows that K is separable in G: It follows that K is separable in W L = W:
We now collect some facts that will be used in the proof of theorem 1.1 Lemma 3.5 Let G be an in nite group generated by a nite set S: Then either G has a free abelian subgroup of nite index or for some g in S the centralizer C(g) has in nite index in G.
Proof. If every centraliser had nite index, then by intersecting all these centralisers, we discover that the centre of G has nite index in G; whence since G is in nite, there is a free abelian subgroup of nite index. Recall the complex X described in x2.3. Then s acts on X and its xed set is a 1-dimensional subcomplex X s = X \ H of X. The structure of X s in X is as follows:
Since s does not x any chamber of ; it follows that s does not x any vertex of X: If a point, x; on an edge, E; of X is xed by s then s exchanges the two chambers corresponding to the vertices of E and thus maps E linearly to itself swapping the endpoints. We claim that if A is any 2-cell of X which contains E then s maps A to itself, and therefore sjA is a linear involution. The 2-cell A arises from a relation of the form (s t) k and corresponds to a face < s; t > of the xed codimension-1 simplex in : One checks from the form of the relation (see Figure 1 ) that the action of s is as re ection in the associated 2k-gon.
=5.0truein cox g.eps Thus X s consists of some points in the middle of edges of X together with a diameter of each 2-cell of X adjacent to such an edge. In particular, it follows that each component of X s is uniquely determined by a single edge, e; in that component. One just \exponentiates" the 1-dimensional subspace determined by e: This means extend e linearly, and on encountering an edge, E; of X continue into each cell of X adjacent to E using a ray orthogonal to E: Lemma 3.7 X s =C W (s) is a compact subcomplex of X=C W (s). Proof. Note rst that the argument of 2.2 shows that if g 2 W maps any top dimensional face of H to some other face of H, then it lies in stab(H). Now =W is an (n ? 1)-simplex where n = card(S) thus there is a nite number, at most n; of stab(H)-orbits of top dimensional face of H:
From this it follows that H=C W (s) has a nite number of top dimensional simplices. Moreover, H is the xed set of a re ection so that we see from 2] Chapter III x4 Lemma 6 et fol. that H is the union of its top dimensional faces, in particular, H=C W (s) is compact.
Thus X s =C W (s) is a closed subcomplex of the compact set H=C W (s), which implies the result. Proof of Theorem 1.1. Our methods are motivated by considerations coming from low-dimensional topology. We call a subcomplex, K; 2-sided in a complex X if K has a neighborhood K ?1; 1] with K identi ed with K 0: The proof proceeds by nding a (torsion-free) subgroup, F (3) ; of nite index in W such that X=F (3) contains a compact, non-separating, 2-sided, 1-subcomplex K: There is a map of X=F (3) to the circle given by mapping the complement of K ?1; 1] to a point and mapping K ?1; 1] onto ?1; 1] which is then wrapped round the circle. Thus H 1 (X=F (3) ; Z) is non-zero. Hence F (3) maps onto Z:
Let q : X ! X=C W (s). By Lemma 3.7, q(X s ) is a compact subcomplex of X=C W (s). We claim that if two translates q(w X s ) and q(w 0 X s ) meet in an edge in X=C W (s), then they actually coincide. The reason is that this implies that there is an element c 2 C W (s) so that in X, w X s meets c w 0 X s in an edge which in turn means that the walls w H s and c w 0 H s meet in a codimension 1 simplex of the Coxeter complex; however two walls which meet in this way coincide. Thus w X s coincides with c w 0 X s , so that q(w X s ) = q(w 0 X s ). This happens if and only if w and w 0 determine the same double coset of C W (s):
Since X is locally nite, it follows that X=C W (s) is also locally nite. It now follows that there are only nitely many distinct sets q(w X s ) which can intersect q(X s ):
To see this, note that any such intersection occurs the 2-cells of X and appears as an arc of q(X s ) crossing an arc of q(w X s ). This intersection is transverse since the above paragraph shows the intersection cannot be along an edge. The same argument shows that arcs of q(w X s ) cannot coincide for di erent w's. Each edge e of q(X s ) lies in some 2-cell and these arguments show that only a nite number of sets of the form q(w X s ) can cross e. The set q(X s ) is compact, so that it has only a nite number of edges, proving the claim. this gives rise to a labelling of the chambers in which is preserved by the action of the group W + , hence by the group F 0 . This gives a way to assign a local product neightbourhood to a wall for which the positive and negative sides are preserved by the group F 0 .
This two-sidedness in the Coxeter complex then implies a two-sidedness for walls in X which is preserved by F 0 and the lemma follows.
If X s =K is not connected, we replace it by one of its connected components. If X s =K does not separate X=F 0 we are nished. If X s =K does separate X=F 0 , we argue as follows. Firstly note that if we set A to be the components of the complement of X s =K, then neither of the inclusion maps i : 1 (X s =K) = K ! 1 (A ) can surject, for application of the re ection s shows that a surjection on one side implies a surjection on both sides, so that K = F 0 would have nite index in W, contradicting our choice of s. Choose elements a which lie in 1 (A ) ? i (K).
By standard arguments, K is separable inside F 0 , so that we may nd a subgroup F 00 of nite index in F 0 which contains K and excludes both the elements a . Intersecting F 00 with all its W conjugates de nes a regular covering r : X=F (3) ! X=F 0 . Although it is not in general true that K F (3) , we claim that a connected component of the preimage of r ?1 (X s =K) X s =F (3) does not separate X=F (3) . To see this we argue as follows: De ne a bipartite graph ? = ?(F (3) ) in X s =F (3) by taking a vertex for each connected component of r ?1 (A ) and connect two vertices by one edge for each component of r ?1 (X s =K) along which they are adjacent. The covering is connected, whence so is ?.
Moreover, the intermediate covering X=F 00 ! X=F 0 has the property that if we form the analogous complex ?(F 00 ), this has at least one vertex on each side with valence at least 2. This guarantees that the graph ? of the regular covering corresponding to F (3) has no vertex of valence one, so that it cannot be a tree. The obvious retraction mapping : X=F (3) ! ? exhibits the required homology in the subgroup F (3) .
Remarks.
